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Abstract. Let S be a string over an alphabet Σ = {σ1, σ2, . . .}. A
Parikh-mapping maps a substring S′ of S to a |Σ|-length vector that
contains, in location i of the vector, the count of σi in S′. Parikh matching
refers to the problem of finding all substrings of a text T which match
to a given input |Σ|-length count vector.

In the streaming model one seeks space-efficient algorithms for prob-
lems in which there is one pass over the data. We consider Parikh match-
ing in the streaming model. To make this viable we search for substrings
whose Parikh-mappings approximately match the input vector. In this
paper we present upper and lower bounds on the problem of approximate
Parikh matching in the streaming model.

1 Introduction

A fingerprint of a string is a smaller, more condensed identifier string. The notion
of fingerprints of text substrings dates back to the early pattern matching papers
of Karp, Miller and Rosenberg [13] and Karp and Rabin [12]. In the prior it was
used for the classical pattern matching problem and was a building block of the
then-introduced renaming technique. The idea of fingerprint and renaming has
been used widely to solve many pattern matching applications, e.g. it is used
implicitly in suffix array construction algorithms [16,14]. In the latter fingerprints
were used to efficiently implement a randomized pattern matching algorithm.
The fingerprints in the former are numerical identifiers for substrings of lengths
of power 2 and the fingerprints in the latter are formed by transforming pattern-
length substrings into small numbers by hashing them via polynomials into small
numbers using modulo of random numbers.

Amir et al. in [1] presented fingerprint matching that produces a set of finger-
prints for a text for a special subset of the substrings. The choice of the subset
and the type of the fingerprints are motivated by Parikh-mappings. For a given
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string S over alphabet Σ, Parikh-mappings are maps from the substrings S′ of
S into |Σ|-length arrays containing the count of the character σi in S′ in lo-
cation i. Fingerprints, in the model of Amir et al. are binary |Σ|-length arrays
for S′, where location i is 0 if σi does not appear in S′ and 1 if it does. Amir
et al. were interested in the unique set of fingerprints. The problem of finding
them was dubbed text fingerprinting and has also appeared under the name of
the problem of character sets [6]. In this setting several problems are posed:

1. Preprocess S to quickly answer queries of the form: Given k compute the
number of distinct fingerprints of size k.

2. Preprocess S to quickly answer queries of the form: Given a subset φ ∈ Σ,
compute the number of substrings in S with fingerprint φ.

3. Compute all maximal locations of substrings having a given fingerprint.
4. Compute for each fingerprint φ in S all the maximal locations of φ.

Text fingerprinting has applications in lexical categorization and the above-
mentioned problems are used for finding common intervals in multiple sequences
[5,19], for permutation pattern discovery in biosequences [8], and other com-
putational biology tasks. Extensions of text fingerprinting to graphs have been
addressed in [15,9].

The more general problem where the Parikh-mappings themselves are consid-
ered is defined as follows:

Parikh Matching

Input: A string S of length n over alphabet Σ and a |Σ|-length array A of
numbers, such that the sum of numbers is k.

Output: All locations i where the k-length substring S′ beginning at that loca-
tion has Parikh-mapping A.

This problem has been explored under the names of Abelian pattern matching [7]
and jumbled pattern matching [3]. It has also been implicitly used in several pat-
tern matching algorithms, e.g. filtering for approximate pattern matching [11]. It
is straightforward to solve this problem in O(n) time, but has been addressed in
the case where there are many patterns to seek in parallel [3]. We are interested
in this problem in the setting of the streaming model.

In the streaming setting one is given a large streaming text for which space is
constrained and one desires to answers queries as the data moves by on-the-fly.
This model has been shown to be useful for numerous problems such as frequency
moments, heavy hitters, counting distinct elements etc. Also the problem of
pattern matching in the streaming model has been addressed efficiently [18,2].
Therefore, it would seem that it makes sense that Parikh matching, at least
the approximate version, would be potentially achievable with reasonable space.
This would be very useful for problems such as large DNA data, or other large
data, streamed through on small memory devices. Unfortunately, we show that
not too much can be achieved. We then continue to show almost-tight upper
bounds to match the lower bounds we present.
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2 Parikh Matching in a Data Stream

Let Σ = {σ1, σ2, . . . , σk} be an alphabet where k = |Σ|. For any string S, let
f(S) = (s1, s2, . . . , sk) be the Parikh-mapping of S which contains the count si
of σi in S for all i. Given two strings X and Y of the same size, where f(X) =
(x1, x2, . . . , xk) and f(Y ) = (y1, y2, . . . , yk), the Lp distance (for 0 < p ≤ 2)
between X and Y is defined to be

Lp(X,Y ) = (
∑k

i=1 |xi − yi|p)1/p .

In Parikh matching one is given a text T and pattern P both over alphabet Σ
such that A is the Parikh-mapping of P . One desires to find all locations i of T
where the n-length substring has Parikh-mapping A. The approximate version
seeks locations i of T where the n-length substring Ti has a Parikh-mapping B
such that Lp(A,B) is bounded by a parameter to be described later.

We study approximating Parikh matching in the streaming model. We are
given a character stream containing a pattern P followed by a text T . Let n = |P |
and m = |T |. Let Ti denote the substring T [i..i+ n− 1]. Given a threshold 1 ≤
θ ≤ 2n and an error bound 0 < ε < 1, we want to decide for each text position
1 ≤ i ≤ |T | − n + 1, whether Lp(P, Ti) ≥ θ (output 1) or Lp(P, Ti) ≤ (1 − ε)θ
(output 0) . The decision can be arbitrary for any value in the middle.

3 Lower Bound

This section presents space lower bounds for deterministic and randomized algo-
rithms. The core idea is that deciding whether Lp = 0 requires a lot of memory.

Theorem 1. For any 0 < p ≤ 2 and any threshold 1 ≤ θ ≤ n
4 , any deterministic

algorithm A requires Ω(nθ · 21/p) bits of memory.

Proof. Suppose A requires S bits of space. For some integer b (to be defined), we
show how to use S+2 log b bits to store a b-bit vector B exactly. Thus, S = Ω(b).

We construct the pattern P and text T as inputs of A, as follows. Let Σ =
{0, 1}. Let x > 0 be an integer to be defined later. A 0-block is x consecutive 0’s,
and a 1-block is x consecutive 1’s. The pattern P contains b 0-blocks followed by
b 1-blocks, so f(P ) = (bx, bx). The text T begins with b blocks: if the i-th bit of
B is 1, the i-th block is a 1-block; otherwise, it is a 0-block. We also count the
number of 0’s and 1’s in B, denoted by C0 and C1, so C0 + C1 = b. Then, we
append C1 0-blocks and then C0 1-blocks to T . Recall that Ti is the substring
T [i..i+ |P |−1]. Thus, f(T0) = (bx, bx) and we have Lp(P, T0) = 0. The counters
C0, C1 and algorithm A require S + 2 log b bits of space.

We can recover B as follows. We first copy the current memory state of A,
feed this copy with a 0-block, and then make a query. (Case 1) If B’s first bit
is 1, the substring Tx contains b + 1 0-blocks and b − 1 1-blocks, which implies
Lp(P, Tx) = (xp + xp)1/p = 21/px, which is at least θ by setting x =

⌈
2−1/p · θ⌉.

As n = |P | = 2bx, we have b = n
2x = Θ(nθ · 21/p). (Case 2) If B’s first bit is 0,
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Lp(P, Tx) = 0, which is less than (1 − ε)θ since ε > 0 and θ ≥ 1. Thus, we can
determine B’s first bit using the copy of A. We let the original copy of A read a
0-block if B’s first bit is 0, and a 1-block otherwise. The above procedure can be
repeated to determine other bits in B. Therefore, S = Ω(b) = Ω(nθ · 21/p). ��
We extend the above result to randomized algorithms using an idea from [4].

Theorem 2. For any 0 < p ≤ 2 and any threshold 1 ≤ θ ≤ n
4 , any randomized

algorithm with success probability at least 1− δ (for δ < 1
2 ) requires Ω(nθ · 21/p+

log(1− 2δ)) bits of memory.

Proof. We use an analogous version of Yao’s minimax principle for Monte Carlo
randomized algorithms [17]: For δ < 1

2 ,
1
2 of the expected space complexity of the

optimal deterministic algorithm that returns an answer within the error bound ε
with probability at least 1− 2δ for an arbitrarily chosen input distribution p is
a lower bound on the expected space complexity (under the worst input) of the
optimal randomized algorithm with error bound ε and success probability 1− δ.

As shown in the proof of Theorem 1, a deterministic algorithm for the stream-
ing problem can be used to store a bit vector of size b = Θ(nθ ·21/p). Let p be the
uniform distribution over all bit vectors of the same size b. Consider a determinis-
tic algorithm A that returns an answer within the error bound ε with probability
at least 1− 2δ over p. Then, A needs to differentiate at least 1 − 2δ fraction of
the input bit vectors. As a result, the expected space complexity of the optimal
deterministic algorithm is at least equal to the optimal coding length of these
1− 2δ fraction of input bit vectors. The latter is at least equal to the entropy of
these bit vectors, which is Ω(log((1− 2δ) · b)) = Ω(nθ · 21/p + log(1− 2δ)). ��

4 Near-Tight Algorithms

We show that it is possible to obtain space efficient algorithms for L1 and L2.

Theorem 3. There exists an algorithm which for any 0 < ε, δ < 1, maintains
the correct approximate estimates at any time with probability 1 − δ − 1/k and
uses O(nθ · log(mk/εδ) log(k/εδ) log(1/δ)/ε3) bits of random access storage. The
processing time per item is O(nθ · log(mk/εδ) log(1/δ)/ε3).

Theorem 3 is a direct application of a theorem by Indyk [10]. Let S be a string
and f(S) be its Parikh-mapping.

Theorem 4. ([10]) There is an algorithm in the turnstile date stream model
which for any 0 < ε, δ < 1 estimates L1(f(S)) or L2(f(S)) up to a factor (1 ±
ε/4) 1 with probability 1− δ− 1/k and uses O(log(mk/εδ) log(k/εδ) log(1/δ)/ε2)
bits of random access storage. The processing time per item is O(log(mk/εδ) ·
log(1/δ)/ε2).

1 The constant 4 in ε/4 is just to make this theorem easily applicable in the proof of
Theorem 3.
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Indyk’s algorithm uses random linear mappings to map the Parikh-mapping
f(S) of length k to 
 = O(log(1/δ)/ε2) random variables each of which can be
stored using O(log(mk/εδ)) bits, and then take the median of these random
variables. Let φ1, φ2, . . . , φ� denote such 
 random linear mappings. These lin-
ear mappings can be computed in the streaming model using O(log(mk/εδ) ·
log(k/εδ) log(1/δ)/ε2) bits of storage (including storing the random bits used in
the random mappings).

Let T̂j be the prefix of T of length j. Let γ = θε/8n. We call φi(f(T̂γn)),

φi(f(T̂2γn)), . . . for each i ∈ [
] milestones of the text T . In our problem we
store for each i ∈ [
] the latest 2/γ milestones of text T . This uses O(1/γ ·
log(mk/εδ) log(k/εδ) log(1/δ)/ε2) bits of storage .

In a sliding window query at time t, let h = �t/γn�γn. We compute Wh
i =

φi(T̂h)−φi(T̂h−n)−φi(P ) for each i ∈ [
] and then choose W̃h as the median of
Wh

1 ,W
h
2 , . . . ,W

h
� . The algorithm outputs 1 if W̃h ≥ θ − εθ/2 and 0 otherwise.

Let Wh be the exact distance between P and T [h, h+n− 1]. By Theorem 4 and
the fact that inserting/deleting one character can only change L1 or L2 distance
by 1. We have that with probability at least 1− δ − 1/k,

(1 − ε/4)Wh − 2γn ≤ W̃h ≤ (1 + ε/4)Wh + 2γn.

Now if Wh ≥ θ then we must have W̃h ≥ (1 − ε/4)θ − 2γn ≥ θ − εθ/2, and if
Wh ≤ (1 − ε)θ then we must have W̃h ≤ (1 + ε/4)(1 − ε)θ + 2γn < θ − εθ/2.
This completes the proof of the correctness of the algorithm.
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